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Abstract—We present the results of a series of searches for
Hermitian linear LCD codes for entanglement-assisted quantum
error correction. Such codes are optimal if they have the largest
possible minimum distance given their length and dimension. We
present two optimal codes: a [17,11, 5], and a [17,13, 3]s code,
which can be transformed into entanglement-assisted codes. We
also report ten codes that improved the lower bounds used in our
searches, presenting [22, 9, 9]4, [22, 12, 7]4, [23, 8, 11]4, [23, 10, 9]4,
[23,13, 7]4, [24,10,10]4, [24,11,9]4, [24, 14, 7]4, [25,12,9]4, and
[25,13, 8]4 codes. Finally, we amend some of the parameters in
related literature, and share our own Java program for performing
such searches.

Index Terms—Quantum codes, optimal Hermitian LCD codes,
entanglement-assisted quaternary error correction

I. INTRODUCTION

Linear complementary dual (LCD) codes were discovered by
Massey in 1992 [1]. Now, researchers are interested in finding
Hermitian LCD codes because they can be translated into
quantum codes, in particular entanglement-assisted quantum
codes. A classical linear code C can be imported as a
standard quantum error correcting code (QECC) provided
that C is self-orthogonal (i.e., C C Ct) or self-dual (i.e.,
C = C1). An entanglement-assisted quantum error correcting
code (EAQECC) is a generalization of a standard QECC. It
uses ebits to bypass the self-orthogonality/duality constraint,
where an ebit is a two-level maximally entangled quantum
system that is shared between the sender and receiver prior
to the beginning of communication [2], [3]. They are used
to translate a noncommuting quantum group of generators to
a commutative group to allow the quantum error correction
techniques to operate.

II. BACKGROUND

Let C = [n,k,d], be a linear code of dimension k over
the field Fj; where ¢ is the cardinality of the symbols and n
the length of each codeword and d is the minimum Hamming
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distance between any codewords in C. The Hamming weight of
a codeword is the number of its nonzero elements. The all-zero
vector, denoted by 0,,, is a codeword by default in any code
C. The minimum Hamming distance is the smallest weight of
any codeword in C. Let Gxn, and H,_p)xn be the generator
matrix and parity check matrix, respectively.

We will use the notation M” and M to denote the transpose
and conjugate transpose of the matrix M, respectively. The
weight enumerator is a polynomial function which contains the
Hamming weights of all possible codeword in a linear code C.

Definition 1: The weight enumerator of a linear code C over
[y is given by

W(z)e = Ao+ Az + ...+ Ay 12"+ Ay,

where A; is the number of codewords of C whose Hamming
weight is 4.
A binary linear code of length n is defined over [F5.

A quaternary linear code of length n is defined over I} and
has the following elements: {0, 1, w, @}. The conjugation of
an element a € IB'qz is a2, and is denoted as a'.

Definition 2: The dual of a linear code C over Fy is denoted
by C and defined as

CJ‘:{UEFZHU,w):O, Yw € C}, (1

where v = [vl Vg vn], w = [wl Wo wn} and

v, w) = n_ V; - Wj.

< I > Ezfl
Definition 3: The Hermitian dual of a linear code C over
;‘2 is denoted by C# and defined as

(@)

wy,| and

Clx ={veFy| (v, w)g =0, Vw e C},

where v = [vl Vs vn], w = [wl wa

(v, Wy = S0 vi - w.

Definition 4: A code C over . is Hermitian LCD if cn
ctr ={0,}.

Let C, = [n,k,d;c] be an entanglement-assisted linear
quantum code of dimension k over the field Fj where
q € {2,4} is the cardinality of the symbols and n the length of



each codeword, d is the minimum Hamming distance between
any pair of codewords in C; and c is the number of ebits
required. An EAQECC is constructed from binary or quaternary
codes. Let us mention Corollary 3.6.1 [3]:

Corollary 1: An EAQECC can be generated from two
classical codes Cq,Cy € FY where C; = [n, k1,d1] and Cy =
[n, ko, da]. Let Hy and Hy denote the parity check matrices for
C; and Cs, respectively, then an entanglement-assisted quantum
code C, with parameters [n, k1 + k2 — n + ¢, MIN(dy, d2); (]
can be obtained where ¢ = RANK(H, HY]).

Furthermore, let us also mention Corollary 3.6.2 from
article [3] which relies two other references:

Corollary 2: an EAQECC C; can be generated from a
classical quaternary linear code C = [n,k,d], with parity
check matrix H with parameters [n, 2k — n + ¢, d; ¢, where
c = RANK(HHT) [4], [5].

In this paper, we will only focus on quaternary Hermitian LCD
codes because they generate entanglement-assisted quantum
codes with parameters [n,2k —n + ¢, d;n — kJ.

Definition 5: A quaternary Hermitian LCD code [n, k, d]4 is
said to be optimal if no Hermitian LCD code with parameters
[n, k,d']4 exists with d’ > d.

III. METHODOLOGY FOR CONSTRUCTION OF OPTIMAL
HERMITIAN LCD CODES

Most previous work, for example articles [6]-[11] used http:

//codetables.de/ [12] and/or MAGMA [13] to obtain their results.

In our work, we use a similar construction to that presented in
[14]. Every [n, k, d]4 code is equivalent to one with a generator
matrix in standard form: G = [Ipxk | ka("*k)]kxn’ where
I is the identity matrix and P is a k X (n — k) matrix [14].

We can assume the following characteristics for the submatrix
P, where r; denotes the it row in P:

e The top row is a fixed row vector of the form
1 0 01 1 ... 1.

n—k—d+1 d—1

3

o The first nonzero digit from the left is 1 for all rows (i.e.,
neither w nor ).

e Vr; : WT(r;) = d — 1. Note that the identity matrix
contributes 1 to the overall weight of each row of the
generator matrix, bringing the overall weight of each row
of the generator matrix to > d.

o We use lexicographic ordering so that the rows are sorted
in ascending order when d > 3:

o <ry<...<71, “4)
or the following lexicographic ordering if d % 3:
LS T2 <t ST %)

Note however that we do not currently employ Equation 5
restriction in our work.

The approach was to construct the submatrix P and the
generator matrix GG dynamically in terms of the rows and
columns [14]. It started with having the top row fixed. Then,
for each iteration m = 2,...,k — 1, the number of rows

increased as well as the columns, appropriately. The generator
matrix was constructed as follows:

T1

(6)

Imxm

r’ﬂl

Furthermore, at each step, the constructed code was in the
form [n + m — k,m]4 and the minimum distance at least d.
Our construction is slightly different in that the length n of the
code is fixed and the generator matrix will dynamically add
rows that satisfy the orthogonality constraint. Also, each row
that is added, along with all linear combinations, must have a
minimum weight of least d.

A. The Programming Implementation

The source code of the program discussed is freely available
at: https://github.com/aljumaily/MScThesis. Our implementa-
tion uses Java as the programming language to implement an
efficient approach to find optimal quaternary Hermitian LCD
codes. The implementation uses only Java’s 8 standard libraries
and no external packages. The program is designed to use a
long, 64-bit data type, to represent the codewords. Since
each quaternary value requires two bits to be represented,
the maximum value for n, the length of the code, is 32.
The quaternary values are mapped to 2-bit binary values:
04 — 002, 14 — Olg, wy +—> 102 and iy — 115. The program
implements the Bareiss algorithm [15], a fraction-free method
for computing the determinant of a matrix. A pseudocode is
found in Algorithm 1. Furthermore, the main recursive engine
of our implementation is presented in Algorithm 2. MATLAB
R2021a was used for the sake of confirming the matrices found
are indeed invertible and have full rank'.

IV. RESULTS

Our computational searches revealed that [17,11,5]4 and
[17,13,3]4 are optimal Hermitian LCD codes. These results
were obtained by using our program to perform an exhaustive
search for [17,11,6]4 and [17,13,4]4 codes, finding that no
such Hermitian LCD codes exist. This means there exist optimal
EAQECCs in the form of [17,11,5;6] and [17,13, 3;4]. The
generator matrices and weight enumerators of the two codes
are presented next.

We performed searches for several other parameters and
improved ten lower bounds relative to the literature [16]. We
use the notation [n, k, dynin, — dmaz]a to denote a quaternary
code for which the lower bound on the largest minimum
distance is d,,;, and the corresponding upper bound is d,q .
In each of the following cases, our searches found codes
with a minimum distance that increased the then-used lower
bound by 1: [22,9,9 — 10]4, [22,12,7 — 8]4, [23,8,11 — 12]4,
[23,10,9—10]4, [23,13,7—8]4, [24,10,10—11]4, [24,11,9—
10]4, [24,14,7—8]4, [25,12,9—10]4 and [25, 13,8—9]4. Codes
attaining these lower bounds are also presented in Section V.

'Matlab’s ct ranspose (M) (or equivalently M) function that compute the

conjugate transpose of the matrix M does not work as expected when M is a
Galois field matrix. This is discussed in-depth in [16] section 8.2.6.
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WT(2)17,11,5], = 171151 +4712° 4 2,4152° +9,60927 + 39,3632° + 117,654z + 279,4142'0 + 535,1222:'! 4 802,8422'2 +
927,507z '3 + 793,131 + 476,3732'5 + 178,9622'6 + 31,4402

WT(2) 17,133, = 171331+2672°+2,3852% +16,3142° +91,2782% +391,54527 +1,318,58125+3,518,4602° + 7,388,436210 +
12,091,725x1f +15,110,17522 + 13,952,682z + 8,966,910z + 3,587,535z + 672,570x6

TABLE I
SELECTED BOUNDS ON THE LARGEST MINIMUM DISTANCE OF
QUATERNARY HERMITIAN LCD CODES. BOLD LOWER ENDPOINTS OR
EXACT VALUES IDENTIFY DISTANCES ATTAINED BY OUR CONSTRUCTIONS.
UNBOLDED ENTRIES ARE LITERATURE COMPARISONS.

N 8 9 10 1 12 13 14
17 5 3
2 910 9 89 78
23 | 11-12 910 7-8
24 1011 9-10 78
25 910 89

Table I distinguishes our constructions from literature-only
comparisons. The bounds for our twelve parameter pairs agree
with Table 6 of [17]. The unbolded entries are the interval
8-9 for (n,k) = (22,11) from [17] and the exact value 9 for
(22,10), obtained by combining the upper bound in [17] with
the construction in Example 2 of [18]. Neither unbolded entry
is counted among the contributions documented here. This is
a dated literature snapshot, not a claim of universally latest
bounds.

A. Confirmation and Updating of other Parameters

We will now focus on the optimal parameters given in
references [6]-[11], [14]. We performed searches for all optimal
parameters given for 2 < k < 14 and 2 < n < 14 using
our implementation and matched almost all of the parameters
provided. However, some entries are inconsistent from one
reference to another while another entry must be amended
due to incomplete information. The following entries must
be amended: [12,7,5]4 from [7] should have 4 as its largest
minimum distance, as [8] mentioned this; [13, 11, 3]4 from [9]
should have a largest minimum distance of 2, as what [7], [8]
concluded; [14, 10, 4]4 from [7]-[9] should be [14, 10, 3]4; and
finally [14,11,4]4 from [9] should be [14, 11, 3]4 because of
both [7], [8] established this result.

Finally, the optimal distance of 4 for [14,10, 4], was first
mentioned in [7] but neither it nor the papers it cited included
a generator matrix of a [14, 10,4]4 code; this same value was
listed in [8], [9] but again, without a generator matrix. Our
search found that there exists a [14, 10,4]4 quaternary code,
however it is not a Hermitian LCD code. As a result, we
conclude that [14, 10, 3]4 is an optimal Hermitian LCD code.
Our program also matched the modified largest minimum
distance for all these parameters.

V. NEw CODES OBTAINED

In this section, we share where to access the generator
matrices and weight enumerators for the twelve constructions
reported: two optimal codes and ten codes that improved the
lower bounds used at that time. All can be accessed through
[16] in section 9. For the sake of completeness, we share the
generator matrix and weight enumerator for a [23, 8, 11]4 code,
which has the largest minimum distance of all codes found.

VI. CONCLUSIONS AND FUTURE WORK

In this paper we report our computer searches for optimal
quaternary Hermitian LCD codes. Our contributions comprise
two optimal constructions and ten lower-bound improvements,
whose distances agree with the reviewed September 2026
literature bounds. The literature-only entries in Table I are
not additional contributions of our searches. We have also
confirmed and/or amended several parameters given in the
literature.

Another major contribution is the creation of a Java program
specifically designed for finding such codes, and that is
available for other researchers to use. The program can be
enhanced in the future to allow for executing parameters
with d < 3, and to include a graphical user interface for
ease of use. Other suggested improvements can be found
on the GitHub page where the program is hosted and we
share some: implementing binary LCD and quaternary LCD
(quaternary Hermitian LCD is what this program implemented);
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+ 12,300z + 12,3662 + 9,480z + 5,9252%0 + 2,388z%1 + 627222 + 5122

adding Graphical User Interface to make the program more
user-friendly instead of using command prompt; including a
multithreading option that is used to check whether a vector is
linearly orthogonal to other codewords; lastly, a more significant

feature is using 128-bit vectors, which would be a combination
of two longs to represent a single vector. That way, we can
increase the maximum n value to about 60.

APPENDIX

ALGORITHMS

The determinant calculation and recursive search are summarized in Algorithms 1 and 2, respectively.

Algorithm 1: Bareiss Algorithm which takes in a quaternary n x
n matrix represented by binary values and return its determinant
which can either be 0, 1, w or @ or 002, 012, 102 and 112 in
binary, respectively

Input : M, «n: A square matrix to find the determinant of.
Output :det (M, xn) € {0,1,2,3}

1 Function bareissAlgorithm (M,xn):

2 pivot +— 1

3 for k< 0ton—2do

4 if M[k][k] = O then // Division-by-zero encountered
5 Avoid division-by-zero by swapping current row

with another one

6 isFixzed < false

7 forr< k+1ton—1do

8 if M[r][k] # O then

9 swap row k with r

10 isFized < true

1 break

12 end

13 end
14 end
15 if isFixed = false then // We still have

division-by-zero

16 matrix is not invertible

17 return 0
18 end

19 fori<+— k+1ton—1do

20 for j« k+1ton—1do

21 result <—

MTi][j] x M[k][k] — M[i][k] x M[k][5]
prvot

2 MTi][j] < result

23 end
24 end
25 pivot < M[k][k]
26 end
27 return M([n — 1][n — 1] € {1,2,3}

28 End Function
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